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Decoupling of a Class of Nonlinear Systems and Its
Application to an Aireraft Control Problem

Sabi J. Asseo
Calspan Corporation, Buffalo, New York

The necessary and sufficient condition for decoupling a nonlinear system with state feedback is
obtained. It is shown that when this condition is satisfied there exists a control law which makes
each output variable of the dynamical system independently controllable with a separate input. The
theory is then applied to an aircraft control problem where the implication of the theoretical results
is discussed. The objective of the aircraft control problem is to decouple the vertical and the hori-
zontal path angles of the flight trajectory relative to earth-fixed axes. The aircraft equations are
simplified by postulating a rudder control law which maintains zero sideslip velocity in flight. The
control laws for the elevator and aileron which decouple the simplified aircraft model are obtained.
The control system is then evaluated in a simulation study to show that it indeed decouples the

flight path angles.
Nomenclature

= n-dimensional state and transformed state

X, 2 = m-dimensional control and output

u,y = m-dimensional internal and external command

w, v inputs )

f(x), B(x), C = Matrices associated with the dynamical system

D(x) = Matrix which determines if the system can be
decoupled

h(x), G(x) = Decoupling pair of matrices

Qx) = Transformation of the state

K = Feedback and Feedforward gain matrices

1 = Identity matrix

a;, by, kij, ete. = Constant gains

a, 8 = Angle of attack and sideslip

¢ = Roll angle

D, q,r = Angular rates about the x, y, z body axes

Quw, Tw = Wind referenced pitch and yaw rate .

be, Oa, Or = Aircraft control inputs, elevator, aileron and rud--
der

g Vo = Gravitational constant and airspeed

v, ¥ = Vertical and horizontal flight path angles

I AT = Auxiliary functions defined in Eq. (26)

Mg, L,, etc. = Normalized stability derivatives Z, Y, L, M, N are
stability derivatives associated with lift, sideslip,
rolling moment, pitching moment and yawing
moment equations, respectively.

M,, L, etc. = Constants related to the normalized stability
derivatives

Subscripts

¢ = Command input

j = j’th row or ’th element

Notations

Vaf(x) = Matrix of partial derivatives of f(x) with respect
tox

()

Vi, ¥ = first and j’th time derivative of y;

xeX = For all x which are included in the domain of defi-
i nition X .

Rr = n-dimensional state space
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" 1. Introduction

IN order to maintain constant altitude in turning flight
the aircraft pilot must apply control inputs to the aileron
and to the elevator simultaneously. The aileron causes the
aircraft to roll and make a banked turn, while the elevator
increases the angle of attack which compensates for the
loss of vertical lift that occurs during the banked turn. In
many applications it is desirable to design a control sys-
tem that will automatically blend the elevator and aileron
deflections to alleviate the pilot from tedious task of con-
trolling two variables simultaneously. With such an auto-
matic control system the pilot will have at his disposal
controls for the vertical and horizontal flight path angles,
such that activating either control will affect only one
flight path angle. A control system that provides such in-
dependent control of the output variables with separate
command inputs is said to decouple the dynamical sys-
tem. It is shown in the appendix that the flight path an-

. gles are nonlinear functions of the aircraft motion vari-

ables, therefore, in order to control the flight path angles
independently one must decouple a nonlinear system.

The problem of decoupling a linear dynamical system
has been investigated in great detail.!-® Morgan! first
posed the linear decoupling problem. Falb and Wolovich?
established the necessary and sufficient conditions for de-
coupling and Gilbert3:* presented the complete structure
of the decoupling control law. Gilbert’s metl.od, however,
has a major drawback. It does not always yield a stable
decoupled system. Recently, Wonham and Morse®7?
looked at the decoupling problem within a geometric
framework. Through the geometric theory, which is free
from matrix algebra, they have extended Gilbert’s® re--
sults. In addition, they have developed the “Extended De-
coupling Problem” which relieves the difficulty of possibly
obtaining an unstable decoupled system through Gil-
bert’s® method. Despite the abstract nature of the results
in Refs. 5-7, the geometric theory has been successfully
applied to a linear aircraft control problem in Cliff and
Lutze.8

At the time the study, which is summarized in this
paper, was performed there was no other work reported in
the literature on the decoupling of multivariable nonlinear
systems. Since then some related work has appeared in
current journals. Nazar and Rekasius® have obtained a
sufficient condition for the decoupling of a very specific
class of nonlinear systems. The existence of a decoupling
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control law, which is based on the “Reduced Linear Sys-
tem” portion of the nonlinear system, is quite similar to
the existence of a decoupling control law for linear sys-
tems.2-3 This differs considerably from the results ob-
tained in this paper and in Singh and Rugh'® where the
existence of a decoupling control law is based on the en-
tire nonlinear system. Singh and Rugh'® formulated a
nonlinear decoupling problem which is quite similar to
that developed here. They have obtained necessary and
sufficient conditions for the decoupling of a time-varying
nonlinear system in which the output is also a nonlinear
function of the states. Despite the generality of the meth-
od in Ref. 10, it does not lend itself easily to the solution of
practical control problems. The results obtained here are
easier to follow and readily applicable to practical control
problems.

In this paper the necessary and sufficient conditions for
the decoupling of a class of nonlinear systems will be ob-
tained and a sufficiently general decoupling control law
will be constructed. The theory will then be applied to an
aircraft control problem where the implication of decou-
pling will be discussed. The theory will be first applied to
a simplified (ideal) aircraft model. The results of a simu-
lation study will then be presented to show that the con-
trol law derived for the ideal aircraft produces nearly
decoupled response when used in conjunction with the
real aircraft equations. The aircraft control problem dis-
cussed here is of considerable practical importance.** The
design of a control system that decouples the flight path
angles of the aircraft flight trajectory would not have been
possible without the proper tools for decoupling a nonlin-
ear system.

Formulation of the Nonlinear Decoupling Problem

The objective here is to find the control law that decou-
ples the class of nonlinear systems which evolve accord-
ing to

.;f =f(x) + B(x)u

where 5 is the n-dimensional state, u is the m-dimensional
control, (m < n) and y is the m-dimensional output. The
elements of f(x) and B(x) are real nonlinear functions of
the state x. f(x) is continuously differentiable with respect
to x and C is a constant matrix. A constant matrix C
implies that each output y; is a linear combination of the
states. A more general formulation in which the output is
a nonlinear function of the states is given in Singh and
Rugh.1°

The class of control laws of interest are those of the
form

u = h(x) + Gx)w (2)

where h(x) is mxl matrix representing the state feedback
control law, G(x) is mxm matrix of feedforward gains and
w is the m-dimensional command input vector. The sys-
tem is defined in a domain X & R” where X is an open
set, such that a unique solution of Eq. (1) exists for any
initial condition x(to) €X and for a piecewise continuous
control u. Moreover, G(x) is assumed to be nonsingular for
allx €X.

Definitions

The purpose of decoupling is to find the matrices h(x)
and G(x) such that when Eq. (2) is substituted into Eq.
(1) it produces a closed-loop system in which each input
w; influences one and only one cutput y;.

The following definitions are basic to the formulation of
this problem. The nxn matrices Ay (x), ... are generated
from f(x) by the successive gradient operation.

Ao(x) =1
Aq(x) = v (f(x)
Ay(x) = v (A;(x)f(x)) (3)

Api(x) = V(A x)f(x))

where V,f(x) denotes the gradient of f(x) with respect to x.

3f. af
_ 1 g a1
v, flx) = YRR o,
of oy
Br; o,

Now compute the integer constants dy . . . d, as follows:
Form the row vector C;B(x), where C; is the i’th row of C.
If this row vector is zero for all x € R” then form the row
vector C;A1(x)B(x), . . . etc., until the first nonzero row
vector C;A;(x)B(x) = 0 is obtained. The integer d; is the'
smallest integer j such that the row vector C;A ;(x)B(x) is
nonzero for all x €X. Notice that the parameters d;’s
thus defined do not depend on x. Now construct the mxm
matrix D(x) and the mx1 vector f*(x)

Dy(x)
D, (x)

D,-(x) = CiAdi(x)B(x),

Fi*(x)
a5
Fu*(x)

fi¥x) = C; Ay (x)f(x)

@

where D; and f;* denote the i’th rows of D and f*, respec-
tively. Using these definitions we will first obtain the nec-
essary and sufficient condition for the control law (2) to
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decouple the nonlinear system, Eq. (1), we will then find
a more general characterization of the control law.

Theorem 1

There exists a control law, Eq. (2), where G(x) is
nonsingular for all x|&|X, that decouples the system, KEq.
(1) on X if and only if the matrix D(x) is nonsingular for
all x| X.

Sufficiency

Using the definition of the parameters d;, i=1,... m we
obtain the successive derivatives of the output variable y;.

¥yi=Cx
y':- = Cif(x)
sz Ot ®
@ D _ e 4, () + Dy (6)
i

If D(x) is nonsingular for all x € X it is claimed that the
pair of matrices '

h(x) = —DYx)*(x)

M
G(x) = DY(x)

decouples Eq. (1) for all x € X. In fact, substituting Egs.
(2), (4), and (7) into Eq. (6) yields

(1 + d') (8)
Vi=wW;y

which shows that y; depends only on w; and therefore, the

pair of matrices h(x) and G(x) in Eq. (7) decouples the

system. This proves sufficiency.

Necessity

Now suppose that there exists a pair of matrices h(x)
and G(x) which decouple Eq. (1), such that G(x) is
nonsingular for all X€ X. From Eq. (6) one has

(1+4d,) .
¥ = C,A,,‘(x)f(x) + Dy(xW(x) + D(x)Gx)w (9)

Then one must have

ins Dx)G(x)=o(x¥)E;, i=1...m (10)
where o;(x) is a real valued function of x and E; is the ’th
row of the mxm identity matrix. For, if Eq. (10) did not
hold, y; would depend on w; for i # j and the system
would not be decoupled. Moreover, a;(x) % 0 for all x €

X, since D;(x) # 0 for all x & X by the definition of d;, i’

=1, ... . m then one

has

m. If Eqg. (10) holds for every i = 1, ..

D(x)G(x) = Diaglo (), . . . 0,{x)]

and therefore, D-1 (x) must exist in the domain X since
G(x) -is nonsingular in this domain. This completes the
proof of the theorem.

For a linear system the matrices in Eq. (3) reduce to A;
= AJ;j =0, ... d;. Hence the proof given in Falb and
Wolovich? is a special case of the theorem just proved. A
more general proof for the class of time-varying nonlinear
systems described by x (£) = A(x,t) + B(x,tu(t), y(t) =
C(x,t) is given in Singh and Rugh.19 The operator L*(C;)
defined in Ref. 10 reduces to L *(C;) = CiA,_1(x)f(x) for
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a time-invariant nonlinear system with a constant C,
where the matrices A (x) are those defined in Eq. (3).

Structure of the Control Law

It has been shown that the pair of matrices h(x) and
G(x) in Eq. (7) decouples the system, Eq. (1) for all x"¢,
X and yields the decoupled system, Eq. (8) in which each
output y; evolves in time according to the 1 + d;th fold
integral of the input w;. This structure of the closed-loop
system is unsatisfactory. Therefore, a more general char-
acterization must be found for the control law in order to
obtain a desirable closed-loop structure in addition to
achieving decoupling. A sufficiently general form for the
control law w is obtained by the following construction.

Let @ (x) be an n-vector valued transformation on x de-
fined by

QT(x)i = [QIT(x)’ Q.ZT(x)’ L] QmT(x)y Qm#lT(x)]

where
Q.'T(x) = [C ixs Cif(x), C,‘Ai(x)f(x):

oo Chg Y (), Q,(0)]
i=1...m (11)

The dimension of each z; = Q(x) is p; X 1 such that st
pi = n, and the dimension of each @;(x) is r; X 1 where r;
=p;, — (1 +4d;),i=1, ... m. Now assume that the new
state vector obtained by the transformation z = Q(x) has
the following properties. Each z; = @;(x) is the maximal
set of state variables which can be influenced by one and
only one command input w;, while 2z, 11 = @11 (x) con-
tains the elements of z which are either coupled to two or
more subvectors z; and z;, ¢ # j or decoupled from all z;, i
= 1,...m. It is clear from the construction of @(x) that
each z; is decoupled from z; for i > j; i,j = 1, ... m. The
class of control laws for w of interest here are of the form

w=Kz+ Av (12)

where K and A are constant matrices of appropriate di-
mensions and v is an m-dimensional external command
input. We will now state and prove a theorem which will
establish the basis for the general characterization of the
control law.

Theorem 2

The decoupling property of the system in Eq. (8) is in-
variant with the control law, Eq. (12) if (sufficiency con-
dition) K and A have the following structure

pm+1
ky o o0
K=[ T s Ry~ 1xpy (13)
0 "k, O
A= Diag(xi, ..... )‘m)

Proof

From Egs. (5) and (11) one calculates the d;th element
of Z2; a8 Ziygpy = CiAd(i) -1 xf(x) = y,-dl-. Now substi-
tuting Eq. (13) into Eq. (12) and Eq. (12) into Eq. (8) and
recognizing that ;4 =4(1;,‘,if)bne gets Zigw) = kizi + \y;
where each v; influences oﬁly one subvector z;. Therefore,
the control law, Eqgs. (12) and (13) preserves decoupling in
Eq. (8). Note that a diagonal matrix A is also necessary,
while K may contain additional nonzero entries and -still
preserve decoupling in Eq. (8).

The problem of constructing the vector z for a nonlinear
system with the aforementioned properties is unsolved.
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Specifically, there is no known method for constructing
the r; — vector valued functions @;(x). Therefore, we con-
fine the results of the present analysis to a less general
control structure for w, by simply deleting the Q;(x), i =
1, ... m, and reducing the dimension of each z; to 1 + d;.
With this provision, substituting Egs. (7), (11), and (12)
into Eq. (2) yields the control law for u.

u = DHx)[KQ(x) — *(x) + Av] (14)
where
C;x
Q1 (x) C,fl(x)
ew=|: |;emw=|: ;
Q,.(%) C;A,; H(x)f(x)
K=|Fk 0
A = Diag (7\1 ..... )\m) .
ki= k-, —kidt] 0 k.,

Here Q(x) is p = ="_ (1 + d;) dimensional vector, K is
mxp dimensional constant matrix and each k; is (1 + d;)
dimensional constant row vector.

Notice that the control law just derived yields a closed-
loop system in which each output y; evolves according to a
linear differential equation

(1+d),) d,

(15)
Vi +kia,y4+----kioyi=>\i”i

where the gains k;; are picked at will to obtain a desired
output response. The state variables of the closed-loop
system, on the other hand, evolve according to nonlinear
differential equations [just substitute Eq. (14) into Eq.
(1)]. Very little can be said about the stability of the over-
all nonlinear system, therefore, it is usually necessary to
conduct a stability analysis to ascertain the usefulness of
the control law obtained on the basis of decoupling.

Decoupling the Vertical and Horizontal Motions of an Aircraft

The theory will now be applied to an aircraft control
problem in which it is desired to construct a control law
that decouples the vertical () and the horizontal () path
angles of the flight trajectory. The equations which de-
scribe the motion of the aircraft relative to earth axes are
given in the appendix by Egs. (Al-A3). Equa-
tion (Al) gives the aircraft equations of motion in
body coordinates. The motion variables measured along
the body axes are first transformed to wind axes in Eq.
(A3) and then transformed to earth axes through the
Euler transformation equations given in Eq. (A2).

The design of a control system is not a simple matter of
applying the decoupling theory to the nonlinear set of
Eqs. (A1-A3). In fact, if one applies the theory directly to
these equations one gets a matrix D(x).

D(x).

= [ 27 0]

which is singular for all x'& . R". Therefore, the real air-
craft model represented by Egs. (A1-A3) cannot
be decoupled. In order to circumvent this diffi-
culty, a decoupling control law will be obtained for a sim-
plified (ideal) aircraft model. This control law will then
be used with the real aircraft equations in a simulation
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study to determine how well it decouples the vertical and

the horizontal motions of the real aircraft. The simplified
aircraft model is obtained in the appendix by assuming that

an automatic rudder control system maintains zero side-
slip angle during the entire flight regime. The resulting

ideal aircraft equations are given by Eqgs. (A6-A9).

These equations are rewritten here by omitting the bars

for simplicity.

Aircraft Equations in Body/Wind Axes

Gw=2q —q,)Z; 5, + —V&p sing
0
G = Mg + Myg, + My 0, + M,(cos¢ —1) (16)
p=L,p+L, sing + Ly, 0,
¢=p

Transformation to Earth Axes

Y = q,co8¢p — Vgo sin’p (17)

z/:: q, sing + Vﬁ sing cos¢
0

where q,, is wind-referenced pitch rate and p and q are
body-referenced roll and pitch rates, ¢ is roll, §. is elevator
deflection, 3, is aileron deflection, g is the gravitational
constant, V, is airspeed, and Z,, Lj, etc., are constants
(the constants Z,, L, etc., defined in the appendix) relat-
ed to the stability derivatives of the airframe. Notice that
the first equation in Eq. (16) depends on b.. Therefore,
e and &, will be treated as the control variables, while .
will be considered to be a state variable in the derivation
of a decoupling control law. Such a control law can be im-
plemented by simply placing an integrator in the elevator
control loop as shown in Fig. 1.

For convenience, we will use a two-step design proce-
dure. We will first design an inner-loop which decouples
qw from ¢, and then using the decoupled inner-loop we
will design an outer-loop which decouples v from 1.

Inner-Loop Design

The aircraft equations of motion in Eq. (16) which are
the equations of the open inner-loop are rewritten here
using matrix notation.

T Z g —q.)+ V—ip sing
q Mg + Moy + Mo(cosp — 1) + M 5,
p | =| L,p+L,sing +
¢ b
5. Lo _
B ]
~Zs, 0
0 0 5,
0 L, 5 (18)
0 0
1 0 |

where the output vector; yT = [qu,¢] is related to the
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state vector add
_J49.,7 _[1 0000
y'[¢_]—[00010}" (19)

First, we construct the matrix A1(x) according to Eq. (3)

B g g
Alx)=\-2, Z, =sinp Zpcosp 0
Ve Ve
M, M, 0 —M, sing M,
0 0 L, L,cos¢p O
0 0 1 0 0
Lo o o0 0 0 |

and compute the parameters d; = 0, d; = 1. Using these
parameters - we then form the matrices D(x) and f*(x) ac-
cording to Eq. (4).

D(x) = ClB(x) = _Zﬁe 0 5

CyAy(x)B(x) 0 L,

7) = [Zala =) + 35b sing
0

L,p + L, sing (20)

D(x) is nonsingular for all x € R?, therefore, the system
can be decoupled everywhere in the state space. The con-
trol law for §, and §, which decouples the inner-loop fol-
lows directly from Egs. (2, 7, and 20).

A 1 .
00= 7 Zala —au) + 78;1) sing —w,]

1
b= -1

(21)

[L,p + L, sing —w,]

a

In this equation wy and ws are inner-loop command in-
puts which are internally generated by the flight path
control system. The closed-loop dynamics of the inner-
loop are obtained by substituting the control law, Eq. (21)
into Eq. (16). The resulting equation

. 7 — ]
qw wy
q Mg + M4, + My(cos¢ —1) + M, 0,
¢ b
: 1 .
5, —=[2,(q ~ q.) + b sing —w,]
Ll L. Vo ]

clearly shows that the output variables of the inner-loop
g and ¢ are decoupled while the state variables ¢ and §.
remain coupled to each other and to both q,, and ¢.

Outer-Loop Design

The objective of the outer-loop design is to find the con-
trol law for w1 and ws that will decouple the vertical (v)
and the horizontal () flight path angles. The state vector
for the outer-loop is xT = [¢,p,quw,Y,¥]- Thus, using Eqgs.
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(17) and (22), the outer-loop dynamics can be represented
by the following equation

Ea0 » 7 To o]
P 0 0 1 w5
2
y - £ gin% + g, coso 0 0
Vo )
th_ LZVO sin2¢ + g, smq: LO 0_

0 0
RN R
Y 0 0 0 0 1
Now using Egs. (3) and (4) one gets a matrix D(x)

D(x) = CAi(x)B = [CQS¢ 0]
sing 0

which is singular for all x € R”. Therefore, the outer-loop
representation in Eq. (23) 'is not compatible with decou-
pling. In order to obtain a more convenient representation
for the outer-loop we let ws (= ;) and ws be the control
inputs and we treat wy as a state variable. The resulting
outer-loop state vector is xT = [¢,p,qu,Ww1,v,¥,] and the
outer-loop dynamics are given by

e — - —
0 0

P 0 1 0
liw = wy +/ 0 O l:wz]
wy 0 0 1 ws
y ~ £ gin% + q, cos 0 0

Vo :
zﬁ £ sin2¢ + ¢, sin 0 O
L ;_.2V0 (P_l L —J

Al eoood @

The matrices CA1(x) and CAs(x) which are of interest
here are constructed from Eq. (3) as follows

CA(x) = l:—& 0 cos¢ 0 0 O:I
4 0 sing 0 0 0

CAy(x) = [—u -t —psing cosp O 0] (25)

v 4 p cos¢p sing 0O O
where
£ =gq,singp + —5; sin2¢
' 0 (26a)
{=q,cC08¢ + £. cos2¢
Vu
p=t=(q,cosp +2 5— cos20)p + wq sing
’ (26b)

v =¢{=(g,sing + 2 -‘f— sin2¢)p + wy cose
0
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Fig.2 Real aircraft response to pulse aileron.

We now compute the parameters d; (d; = ds = 2) and the
matrices D(x) and f*(x) defined in Eq (4)

—£  cos¢
D(x) = [ ] 5 Fx) = CAy(x)f(x)

£ sing
—up —pwq sing
_ [ ] @)
vp + pwy COSQ
The determinant of D is |D| = —(quw + (g/Vo) cos¢),

hence, |D| is nonsingular everywhere in the state space
except on the cylindrical surface q,, + (g/Vp) cosp =

This surface has a specific physical significance. Since |D)|
is proportional to the total normal (to the wings) accelera-
tion Voq, + g cosd it represents the set of operating
points which correspond to zero gravity condition. There-
fore, the flight condition for which decoupling breaks
down is a flight condition that must be avoided for several
reasons. A zero gravity condition can be prevented by
simply limiting ws as a function of ws. This will in turn
tend to limit g, and ¢ in such a way as to maintain |D|
# 0 at all times. The complete structure of the control
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law is given by Eq. (11) where K and A and v are chosen
as

K = [—a1 _b1 —Cy 0 0 0 ] )
0 0 0 —0y "bz —Cy :

A= [di 0] V= [MYe (28)
0 a, [z,bc]
where v, and . are the vertical and horizontal flight path

angle command inputs. Substituting Egs. (27) and (28)
into Eq. (14) yields the control law for ws and ws.

[wz] 1 [simb —cos¢] [—(ai’}’ +byy + e —agy.)

ws DIL ¢ e J (o + by + cop —agy)
+ up + pwy sing

] (29)

— Vp —pwy coso

v, ¥, ¥ and ¢ have been retained and the result is left in
matrix form in order to conserve space. Ordinarily, the
control law is expressed as a function of the state vari-
ables. This is done by substituting the right hand side of
Eq. (17) for ¥ and ¢ and substituting the following expres-
sion for y and .

i

—&p + wy coso

¢p + wy sing

;
s

Equation (29) is in a particularly useful form for deriving
an expression for the closed-loop dynamics. We differen-
tiate Eq. (30) and use Egs. (26) and (29) and substitute
ws, w1, we for 1, qu, p, respectively. The resulting ex-.
pression

(30)

Y4y +by Faly —y)=0
'Z;D'+ CZZ;Z; + bgl,b + ag(zp - d)c) =0

clearly shows that the ultimate output variables v and ¢
have been decoupled. These variables evolve according to
linear differential equations while the state variables ¢, p,
qw and wy obey a nonlinear differential relationship [just
substitute Eq. (29) into Eq. (24)] and respond to both
command inputs. The block diagram of the control sys-
tem is shown in Fig. 1. The inner-loop control law [Eq.
(27)] generates the control inputs 6, and 64. 6, is fed di-
rectly to the aileron while an integrator is placed between
the control law for 6. and the elevator. A similar proce-
dure is used to generate the inner-loop command inputs
wy, wp from the outer-loop controls w3, ws.

Outer-loop decoupling could have been achieved by re-
placing the relationship p = ws in Eq. (23) by ¢ =
where w4 is a new command input defined by w, = wz
This method reduces the dimension of the outer-loop state
vector to four, x7 = [¢,q,,7,¥]. Since the outer-loop con-
trol law in this case will generate w; and wi, ws must be
differentiated to yield the inner-loop command input ws.
But w4 depends on the command inputs v, and ¢., which
need not be differentiable. Therefore, the design proce-
dure just described is not completely valid from a theoret-
ical viewpoint. In practice, however, it may be possible to
implement this control law, which turns out to be simpler
than the one presented in Eq. (25), by using an approxi-
mate differentiator.

(31)

Simulation Results

The real aircraft Egs. (A1-A3) and the inner
and outer loop control laws, Eqgs. (21) and (29) were
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programmed on a computer in order to evaluate the de- the combined effect of using the ideal aircraft control law
coupling performance in a real environment. The results to decouple the real aircraft, introducing inner-loop cou-
of the simulation study can be summarized as follows: pling and offsetting the aircraft parameters. The coupling
1) The rudder control law effectively maintained a very for 40° roll angle is only 0.05° of v, or /¢ =
small sideslip angle in the entire flight regime and in- 0.00125, which shows indeed that the control system pro-
creased the dutch-roll damping of the open-loop air- duces excellent decoupling.
frame.
2) The responses of the vertical and horizontal flight Conclusions
path angles were stable and decoupled.
3) The control system design was not sensitive to varia- A necessary and sufficient condition for decoupling the
tions in aircraft parameters. class of nonlinear systems defined in Eq. (1) has been ob-
4) Airspeed variations did not appreciably degrade de- tained. It is shown that if the matrix D(x) is rionsingular
coupling performance. [Airspeed variations were induced in the domain X' R™ then there exists a control law that
by adding the drag equation to the 5 degrees of freedom decouples the system for all x'& X. The results obtained
aircraft equations in Eq. (Al). here are similar to those in Singh and Rugh!® where a
Figure. 2 shows the open-loop aircraft response to a more thorough analysis of the nonliriear decoupling prob-
pulse aileron input at wings level. A pulse aileron input lem is given. Although the inveértibility of D(x) is essential
produces a constant bank angle and a loss in vertical lift to decoupling, in many instances a singular D(x) simply
which shows up in the figure as a reduction in the angle of implies that the specific mathematical model used to rep-
attack. The combined effect of a bank angle and the loss resent the physical process is not compatible with decou-
of lift produces a change in both the vertical and horizon- pling. In such instances, using a more convenient repre-
tal flight path angles. The variation in g is due to the sentation of the system (i.e., by letting 8, be the state and
nonzero component of the angular velocity vector along 5¢ be the control) usually leads to decoupling. This was
the y-body axis. Notice from the 8 and r time histories the case in the aircraft control problem discussed above.
that the dutch-roll mode of the open-loop aircraft is und- The extended decoupling method3-¢ provides decou-
erdamped. pling and at the same time insures closed-loop stability in
Figure 3 shows the response of the closed-loop aircraft a linear system. A similar approach ddes not exist for non-
to pilot command inputs. Part a) of the figure shows the linear systems. Therefore, the process of decoupling a
aircraft response to a horizontal command input consist- nonlinear system may lead to unstable decoupled system
ing of a right turn followed by a left turn and a right turn. or may result in a closed-loop system with undesirable dy-
Part b) of the figure shows the aircraft response to a ver- namic characteristics. When the criterion Z; 7 1(1 + dy)
tical command input consisting of a pull-up followed by a = n is satisfied there is a strong possibility that the de-
push-over and a pull- -up. Notice that only one flight path coupling control law will yield a stable closed-loop system,
angle responds to a given command input in each figure. otherwise there is no guarantee that the decoupled closed-
When the command inputs are combined in part c) of loop will be stable. In the aircraft cortrol problem the
the figure each channel responds' as if no input was ap- outer-loop satisfies this criterion while the inner-loop does
plied to the other channel and thus the figure conclusively not. As a result, an underdamped pitch rate response was
demonstrates decoupling. An underdamped oscillation observed during the simulation runs. However, this re-
was observed in the body referenced pitch rate (g) and el- sponse remained localized in the inner-loop and did not
evator (6.) responses during the simulation study. Damp- affect the decoupled response of the outer-loop.

ing was introduced by addmg q feedback to 8, which pro-
duced a small coupling in a perfectly decoupled inner-
loop. The response shown in Fig. 3 was obtained by intro- _
ducing 10% change in the real aircraft parameters to de- The effect of the large roll motion in a banked turn can
termine the sensitivity of the control system design. The be adequately modeled by including nonlinear roll terms
coupling observed in part a) of the figure was caused by in a basically linear aircraft model.!* The aircraft model

Appendix: Aircraft Dynamics in Turning Flight
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used here is based on the following simplifying assump-
tions: 1) Inertial coupling is negligible, 2) Airspeed is con-
stant, 3) Aerodynamic forces can be linearized about wings-
level flight at constant altitude and constant airspeed to
yield a linear set of equations of motion, and 4) The bank
angle cross-coupling that results from non-wings level flight
can be modeled by including nonlinear terms associated
with roll angle.

The aircraft equations of motion relative to body axes
are given by

Sideslip

=7+ amp+ & sing
Vo

+ (Y8, = Y38 = Y,p = YV, — V8] (Ala)

Lift Force
& =q-Z,0— Vg(l —cosg) + Z5eée (A1b)
0

Rolling Moment
P=Lyp+Ljy+Lydo+ LB+ LsB+Lj7+Lgb,)

(Alc)
Pitching Moment

g = ~Mg — Mo —My& + M 5, (A1d)

Yawing Moment )
¥ =Ny + N,p + NgB+ Ngp + Ngf + Ng 8, + No 5,
(Ale)

where p, g, r are roll, pitch, and yaw rates in body axes, «
is the angle of attack, 8 is sideslip, ¢ is roll angle, 84, 6
and 6, are aileron, elevator and rudder deflections. «o and
Vo are trim angle of attack and airspeed. The capital let-
ters are the dimensional stability derivatives normalized
with respect to mass and inertia. The nonlinear roll teirm
in Eq. (Alb) represents the loss of vertical life dur-
ing a banked turn.

Suppose that the aircraft is climbing while in a banked
turn. The resultant angular velocity vector can be re-
solved along two sets of orthogonal axes. The components
along the horizontal and vertical axes are vy and ¢ and the
components perpendicular and parallel to the wings are
gw and r,. These components are related by the Euler
transformation

Y =gq,sing + v, coso
y = g, COS} ~ 7, Sing (A2)
¢=p

gw and ry, on the other hand are related to the body rates
g and rby

(A3a)
(A3Db)

qw‘_—q_&

szy_a0p+6‘

Equations (A1-A3) adequately represent the mo-
tion of a “real” aircraft in turning flight relative to
earth axes. A reasonable simplification can be made in
these equations by postulating a rudder control law which
maintains a negligibly small sideslip angle during the en-
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tire flight regime.

5, = Y1 [¥,p + Yo + V48] (A4)
8.

>

This control law also introduces damping into the dutch-
roll mode. Moreover, it provides the following algebraic
relation between roll rate p and yaw rate r

V=¥ —Qyp + f= V%‘Simp (A5)

Because of this relation, r is no longer an independent de-
gree of freedom and hence the lateral dynamics of the air-
craft depend only on the rolling moment (differential)
equation. The latter is obtained as follows: substitute the
rudder c¢ontrol law, Eq. (A4) into Egs. (Alc) and (Ale),
eliminate the terms p and r from the right-hand side of
these equations, substitute Eq. (A5) into the resulting

-equations, set 8 = 8 = 0, and omit the yawing moment

equation.
The result is

p=L,p+L,sinp + Zaaaa (A8)

- L N
L,= V%[L,+ Y.,—Y—:f+L-,(N,+ Y,%;Zf)]

I—;ﬁa =Ly, + L;Ng,
Ly=(L,+ ag,) + LN, + a,)
+ (¥, + ay¥,)(Ls, + LN )/ ¥

The lift force and pitching moment equations can be
manipulated into a convenient form for decoupling. Since
the Euler equations (A2) are expressed in terms of g, it
is convenient to eliminate « from these equations. This is
done by solving for « from Eq. (A1lb) and substituting the
result into Eq. (Ald) and then eliminating & from Eq.
(Ald) and Eq. (A3a). The result is

4 =Mq+Mug,+ My(cosd — 1) + Ms,0,

My, =My ~My/Z, (AT)
Mﬁe = M,, —Mot/Zbe/Za

Equation (Alb) is now differentiated and & is eliminated
through Eq. (A3a). The resulting equation is

Go=2oq ~q.) = Z5 50 + -;é’g $ sing  (A8)

Finally, substituting Eq. (A5) into Eq. (A2) yields the
following Euler transformation equations

Y = ¢, COS¢ — £ sin’p
Vs
zi: = q, sing + Vi sing cos¢ (A9)
0

‘Equations (A6-A9) now describe the motion of an
“ideal” aircraft which maintains zero sideslip during the
entire flight regime.

References
1Morgan, B. S., Jr., “The Synthesis of Linear Multivariable

Systems by State Variable Feedback,” IEEE Transactions Auto-
matic Control, Vol. AC-9, pp. 405-411, Oct. 1964.



DECEMBER 1973

2Falb, P. L. and Wolovich, W. A., “Decoupling in the Design
and Synthesis of Multivariable Control Systems,” IEEE Transac-
tions Automatic Control, Vol. AC-12, No. 6, Dec. 1967.

3Gilbert, E. G., “The Decoupling of Multivariable Systems by
State Feedback,” SIAM Journal Control, Vol. 7, No. 1, Feb. 1969.

4Gilbert, E. G. and Pivnichny, J. R., “A Computer Program for
the Synthesis of Decoupled Multivariable Feedback Systems,”
IEEE Transactions Automatic Control, Vol. AC-14, No. 6, Dec.
1969.

5Wonham, W. M. and Morse, A. S., “Decoupling and Pole As-
signment in Linear Multivariable Systems: A Geometric Ap-
proach,” SIAM Journal on Control, Vol. 8, Feb. 1970, pp. 1-18.

SMorse, A. S. and Wonham, W. M., “Decoupling and Pole As-
signment by Dynamic Compensation,” SIAM Journal on Control,
Vol. 8, Aug. 1970, pp. 317-337.

DECOUPLING OF CONTROLLABLE NONLINEAR SYSTEMS T47

"Morse, A. S. and Wonham, W. M., “Status of Noninteracting
Control,” IEEE Transactions Automatic Control, Vol. AC-16,
Dec. 1971, pp. 568-581.

8Cliff, E. M. and Lutze, F. H., “Application of Geometric De-
coupling Theory to Synthesis of Aircraft Lateral Control Sys-
tems,” Journal of Aircraft, Vol. 9, No. 11, Nov. 1972, pp. 770-776.

9Nazar, S. and Rekasius, Z. V., “Decoupling of a Class of Non-
linear Systems,” IEEE Transactions Automatic Control, Vol. AC
-16, 1971, pp. 257-260.

108ingh, W. N. and Rugh, W. J., “Decoupling in a Class of
Nonlinear Systems by State Variable Feedback,” ASME Trans-
actions Series G; Journal of Dynamic Systems, Measurement,
and Control. Vol. 94G, No. 4G, Dec. 1972.

11Asseo, S. J. and Brodnicki, P. J., *“(C) Aircraft Control Sys-
tem Studies for Terrain Following/Terrain Avoidance (U),” Rept.
No. IH-2957-E-1, Cornell Aeronautical Lab., Buffalo, N.Y.

DECEMBER 1973

J. AIRCRAFT

VOL. 10, NO. 12

Computer Aided Design-Drafting (CADD)—

Engineering/ Manufacturing Tool

C. H. English*
McDonnell Aircraft Company, St. Louis, Mo.

A description is given of a powerful computer-operated graphic system, used from design through
manufacture at McDonnell Aircraft Company (MCAIR). This system has made designers many
times more productive than when they are using conventional drawing board methods. High engi-
neering productivity, however, is only an initial benefit. When fully developed, the system will
allow Manufacturing to machine parts, utilizing the programmed data created by the designer at
the console, without writing additional programmed instructions to drive the milling machines. In
addition, Tool Design and Quality Assurance have direct access to the original three-dimensional
geometric data, thus eliminating misinterpretation of design intentions. With lofted surfaces devel-
oped, defined mathematically, and stored in a shared-computer file, a designer is able to indicate
the plane in which a lofted contour is desired, and in a matter of seconds, he can have the contour
displayed on the CRT. This enables the designer to create a design almeost as fast as he can think.
Further, his designs are defined mathematically at a degree of accuracy never before known. Other
disciplines which interface with design are strength, aerodynamics, thermodynamics, and propul-
sion. With continued use and development of this system, even greater time and cost-saving tech-

niques will be realized.

Introduction

ANY business firm, and especially a company oriented to
the aerospace industry, must continually seek methods for
improving its varied functions if it is to retain its compet-
itive position. Such improvements are normally measured
in terms of reduced costs, reduced manhours, reduced
lead time, and better products.

The design of an aerospace vehicle, by necessity, is dic-
tated by the many parametric requirements of each of the
systems and technical disciplines comprising the total de-
sign effort. In order that each discipline may be properly
interfaced with the other disciplines, and the integrity of
the vehicle performance and specification requirements

maintained, very close intergroup coordination is re-.

quired. During any program, several design iterations to
system components are usually required as the result of
loads analyses, weight and balance requirements, aerody-
namic considerations, and other design ramifications. As a
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result of these necessary design iterations, there is often
some degree of difficulty encountered in effecting a
smooth and orderly response to the required realignment
of the specific designs to meet the new requirements.
Reaction time by all affected parties must be coordinated
closely so that the major milestones are not jeopardized.
Although many design changes are minor in nature, some
can be very complex. Changes of this type can be ex-
tremely disruptive and require that every available tech-
nique, talent, and design tool.at our disposal be directed
toward a common goal of producing the necessary changes
on a timely basis to assure a good design on schedule.
Computer Aided Design-Drafting, or CADD (pronounced
caddy) as it is commonly called at MCAIR, is a tool that
we are presently using to help us meet that goal.

The term, CADD, denotes various computer techniques
and applications where data are either presented or ac-
cepted by a computer in the form of line drawings or
graphs, as opposed to alphanumerics only. CADD is “in-
teractive,” which implies that there is an efficient and
real-time interplay of actions between the console opera-
tor and the system hardware devices. CADD therefore de-
scribes an interactive and conversational mode of opera-
tion, utilizing a display console where the engineer may
describe his design, perform analysis procedures, and
make changes to the design if he so chooses.

A designer is normally concerned with creating a geo-



